In a graph G, a geodesic between two vertices x and y is a shortest path connecting x to y. A subset S of the vertices of G is in general position if no vertex of S lies on any geodesic between two other vertices of S. The size of a largest set of vertices in general position is the general position number that we denote by gp(G). Recently, Ghorbani et al, proved that for any k if n ≥ k 3 − k 2 + 2k − 2, then gp(Kn n,k ) = n−1 k−1 , where Kn n,k denotes the Kneser graph. We improve on their result and show that the same conclusion holds for n ≥ 2.5k − 0.5 and this bound is best possible. Our main tools are a result on cross-intersecting families and a slight generalization of Bollobás's inequality on intersecting set pair systems.
Introduction
A recently studied extremal problem [4, 6, 12] in graph theory is the following: in a graph G, a geodesic between two vertices x and y is a shortest path connecting x to y. We say that a subset S of the vertices of G is in general position if no vertex of S lies on any geodesic between two other vertices of S. The size of a largest set of vertices in general position is the general position number which we denote by gp(G). Our graph of interest in this paper is the Kneser graph Kn n,k whose vertex is
, the set of all k-element subsets of the set [n] = {1, 2, . . . , n} and two k-subsets S and T are joined by an edge if and only if S ∩ T = ∅. Ghorbani et al [10] determined gp(Kn n,2 ) and gp(Kn n,3 ) for all n and showed that for any fixed k if n is large enough, then gp(Kn n,k ) = n−1 k−1 holds.
Theorem 1.1 ([10]
). Let n, k ≥ 2 be integers with n ≥ 3k − 1. If for all t, where 2 ≤ t ≤ k, the inequality k For fixed k and t = 2 the above inequality is satisfied when n ≥ k 3 − k 2 + 2k − 1 holds. We improve on this and the main result of this note is the following. , while if 2k + 1 ≤ n < 2.5k − 0.5, then gp(Kn n,k ) < n−1 k−1
holds.
The proof of Theorem 1.1 uses the following general result of Anand et al [2] that characterizes vertex subsets in general position. 
(where d(x, y) denotes the distance of x and y in G),
In the Kneser graph a clique corresponds to a family F ⊆
[n] k of pairwise disjoint sets and as there is no edge between different components, it follows that if F 1 , F 2 , . . . , F h correspond to the components of G[S], then for any F i ∈ F i and F j ∈ F j with i = j we have F i ∩ F j = ∅. Families with this property are called cross-intersecting. So the upper bound in Theorem 1.2 will follow from the next result unless n = 2k + 1 in which case we will need some further reasonings.
Note that the first condition cannot be omitted as otherwise we could repeat some families that consist of a single set.
The remainder of the paper is organized as follows: Section 2 contains the proof of Theorem 1.4 and in Section 3 we list some open problems along with some remarks.
Proofs
Proof of Theorem1. 4 
satisfy the conditions of the theorem. As the F i 's are families of pairwise disjoint sets, each of them are of size at most n/k and we may assume that
F i form an intersecting family and therefore by the celebrated theorem of Erdős, Ko and Rado [5] we have
with no common elements, so by a result of Hilton and Milner [11] we obtain h ≤
Let m i denote the number of j's such that |F j | ≥ i holds. Then clearly we have
To bound m 2 we apply Bollobás's famous inequality [3] that states that if
are pairs of disjoint sets such that for any 1
As the F i 's are cross-intersecting families of disjoint sets, therefore the pairs
j=1 satisfy the conditions of Bollobás's inequality and we obtain 
. Putting together (1) and the bounds on h and m 2 we obtain
Therefore it is enough to prove
holds for some n 0 , then
holds for n ≥ n 0 . Putting n 0 = 3k + 2 the above inequality is equivalent to
This holds for k ≥ 5 and a similar calculation shows that if k = 4, then the desired inequality holds if n ≥ 17 = 4k + 1. In all missing cases, except for k = 4, n = 16, we have n < 4k, therefore we have m j = 0 for all j ≥ 4. So for the remaining pairs n and k, we need to strengthen our bound on m 2 + m 3 . We will need the following lemma, a slight generalization of Bollobás's result.
be pairs and triples of pairwise disjoint sets such that for any 1 ≤ i < j ≤ α + β we have X i ∩ Y j = ∅ where X and Y can be any of A, B and C. Then the following inequality holds:
Proof. Let us define M to be
(A α+j ∪B α+j ∪C α+j ) and let us write |M| = m. Just as before, let us introduce a family
of disjoint pairs as S i = A i , T i = B i and S 2(α+β)−j = B j , T 2(α+β)−j = A j for all 1 ≤ i, j ≤ α + β. We count the pairs (π, j) such that π is a permutation of the elements of M and 1 ≤ j ≤ 2(α + β) with all elements of S j preceding all elements of T j in π that is max{π i−1 (s) : s ∈ S j } < min{π −1 (t) : t ∈ T j }. We denote this by S j < π T j . For every fixed j there exist exactly
On the other hand for any fixed π there exists at most one j with S j < π T j . Indeed, if i = j, 2(α + β) − j, then both S i and T i meet both S j and T j , while clearly if S j < π T j , then S 2(α+β)−j = T j < π S j = T 2(α+β)−j . These observations would yield Bollobás's original inequality, but we haven't used the existence of the C j 's. Observe that if A j < π C j , C j < π A j , B j < π C j or C j < π B j , then again by the cross-intersecting property (π, i) can be a pair counted only if i = j or i = 2(α + β) − j and at least one of
holds. Counting j and 2(α + β) − j cases together this yields
Dividing by m! and rearranging yields the statement of the lemma.
We apply Lemma 2.1 to the families F h−m 2 +1 , . . . , F h with β = m 3 and α = m 2 − m 3 . As all sets in the F i 's are of size k we obtain
As 3k k ≥ 3 2k k for k ≥ 3, the left hand side of the above equation is greater than
. Therefore we obtain m 2 + m 3 ≤ 1 2
. So for n < 4k we have the bound
Suppose first that n ≥ 3k holds. Plugging into (3) we obtain the upper bound
To get rid of the extra 1, we need to use the uniqueness part of the Hilton-Milner theorem [11] that we used to get our bound on h. It states that if k ≥ 4 and an intersecting family F ⊆ ∈ H there exist lots of sets F ∈ F that are disjoint with H, so only sets H ′ that contain x can be added to the F j 's. But as all F j 's consist of pairwise disjoint sets, such an H ′ can only be added to the F j containing G. Also, at most one such set can be added as again this F j consists of pairwise disjoint sets. We obtained that if t ≥ 2 and h =
. Next, we assume that 2k + 2 ≤ n < 3k. Then we have t ≤ 2 and therefore the family
F i has the property that for any F ∈ F ′ there exists at most one other G ∈ F ′ that is disjoint with F . Such families are called (≤ 1)-almost intersecting and Gerbner et al. [8] proved that whenever 2k + 2 ≤ n holds, then any (≤ 1)-almost intersecting family G ⊆ holds if n ≥ 2k + 2. Observe that diam(Kn n,k ) ≤ 3 if and only if n ≥ 2.5k − 0.5. Also, Theorem 1.3 yields that if the diameter of a graph G is at most 3, then any independent set in G is in general position. The largest independent sets in Kn n,k correspond to stars, i.e. families S x = {H ∈
[n] k : x ∈ H} for some x ∈ [n]. Therefore, gp(Kn n,k ) ≥ n−1 k−1 holds provided n ≥ 2.5k − 0.5. If 2k + 2 ≤ n < 2.5k − 0.5, then the upper bound of Theorem 1.4 is based on the result of Gerbner et al [8] on (≤ 1)-almost intersecting families. Their result also states that the only (≤ 1)-almost intersecting families of size n−1 k−1 are stars. But if n < 2.5k − 0.5, then {H ∈
[n] k : 1 ∈ H} is not in general position as shown by the following example: let n = 2k + M with 1 ≤ M < 0.5k−0.5 and
On the other hand, for any x ∈ F 2 \ F 1 and y, z ∈ F 1 \ F 2 , the sets F 1 , C ∪ {x}, F 2 \ {x} ∪ {y}, C ∪ {z}, F 2 form a path of length 4, therefore a geodesic with 1 ∈ F 2 \ {x} ∪ {z}. This shows that {H ∈ . Let us assume that k = 2l is even. Then by the above, for any G = F, F ′ in F we must have
If we take one set from each disjoint pair, we obtain a family G ⊆ . Therefore, we need to show
which is equivalent to
. This holds for k ≥ 4.
Concluding remarks
First of all, it remains an open problem to determine gp(Kn n,k ) for 2k + 1 ≤ n < 2.5k − 0.5. Let us finish this short note with two remarks. First observe that an (≤ 1)-almost intersecting family F ⊆
[n] k corresponds to a subset U of the vertices of Kn n,k such that Kn n,k [U] does not contain a path on three vertices. There have been recent developments [1, 9, 15] in the general problem of finding the largest possible size of a subset U of the vertices of Kn n,k such that Kn n,k [U] does not contain some fixed forbidden graph F . Note that independently of the host graph G, if a subset S of the vertices of G is in general position, then G[S] cannot contain a path on three vertices as an induced subgraph. Returning to the Kneser graph Kn n,k it would be interesting to address the induced version of the vertex Turán problems mentioned above.
There have been lots of applications and generalizations of Bollobás's inequality. Very recently O'Neill and Verstraëte [13] obtained Bollobás type results for k-tuples. Their condition to generalize disjoint pairs is completely different from the condition of Lemma 2.1. More importantly pairwise disjoint, cross-intersecting families were introduced by Rényi [14] as qualitatively independent partitions if the extra condition that ∪ F ∈F i F = [n] holds for all 1 ≤ i ≤ h is added, and the uniformity condition |F | = k for all F ∈ ∪ h i=1 F i is replaced by |F i | = d for all 1 ≤ i ≤ h. Gargano, Körner and Vaccaro proved [7] that for any fixed d ≥ 2 as n tends to infinity the maximum number of qualitatively independent d-partitions is 2 
